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Abstract The internal structure of domains smaller than the characteristic size in
domain coarsening dynamics of Z2 symmetry breaking is evaluated theoretically for
different phase ordering systems in two dimensions. In the previous works on (non-)
conserved Ising systems and binary superfluids, the statistical properties of smaller
domains are analyzed by assuming that the contribution from its internal structure
is negligible. It is shown that this assumption is justified analytically with respect
to the statistical quantities, such as domain area, domain-wall length and superfluid
circulation, according to the empirical dynamic scaling law for the smaller domains.
Keywords Spontaneous symmetry breaking · phase ordering kinetics · multi-
component superfluids
1 Introduction
Spontaneous Z2-symmetry breaking is one of the most fundamental problems in the
field of statistical physics and is discussed universally in different physical systems
from low temperature physics to cosmology and high energy physics [1,2,3,4]. When
a system undergoes the symmetry breaking by being quenched from the disordered
phase into the ordered phase, domain walls are nucleated as topological defects in
the order parameter, represented with a real scalar field, by forming a complicated
texture due to the Kibble-Zurek mechanism [5][6].
According to the dynamic scaling hypothesis of phase ordering kinetics [7], the
coarsening development in the dynamic scaling regime after the defect nucleation is
universally characterized by the dynamic exponent z, which determines the depen-
dence of the mean distance l between defects on time t as l(t) ∝ t1/z. In the dynamic
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scaling regime, the spatial structure of the order parameter fields keeps its statisti-
cal similarity during the highly non-equilibrium development; the distributions of
topological defects is statistically similar between different times after rescaling the
length by l(t). This argument is applied to different systems of spontaneous symme-
try breaking, e.g., a coarsening development of vortex strings due to U(1) symmetry
breaking in three dimensions.
Recently, it is hypothesized that a coarsening system of Z2-symmetry breaking
in two dimensions generally possesses a hierarchy with the two scaling regimes in
the domain-area distribution, namely, the macroscopic and microscopic regimes with
domain sizes larger and smaller than l, respectively [8]. The distribution in the former
universally obeys a power law with the Fisher’s exponent τmac = τF = 187/91≈ 2
from the percolation theory [9], while that τmic in the latter depend strongly on the
coarsening system considered [8][10][11][12][13][14]. Although it is expected that
the value of τmic is determined by the microscopic dynamics of domain walls in each
system, its physics and statistics are not well known.
In this work, we focus the internal structure of domains in the microscopic regime.
It is useful to clarify how the internal structure influences the statistical behavior of
coarsening system. The existence of domains embedded inside the circular domain
can make it complicated to perform the scaling analysis. In the literature [12], it was
assumed that domains in the microscopic regime are independent and they do not
have holes of the opposite domain within. In the superfluid system [8], a dynamic
scaling law for the distribution of superfluid circulation in circular domains in the
microscopic regime has been derived by neglecting the existence of such embedded
domains inside. In these studies, the assumptions were made with no theoretical basis
and the argument were restricted to the case of each value of τmic. Here, it is shown
analytically that, for general cases of arbitrary value of the exponent τmic, the influ-
ence of the internal structure is negligible with respect to domain area, it perimeter
and superfluid circulation.
2 The scaling behavior in the microscopic regime
Considering a two dimensional system of domain coarsening, where a domain wall
is a linear object existing between the two kinds of domains, ↑- and ↓-domains. Con-
sider the number of ↑ (↓)-domains, which have areas between S and S+ dS, divided
by the system area L2 at time t as ρ↑(↓)(S, t)dS. Because of the statistical symmetry
between the two domains, we have ρ = ρ↑ = ρ↓ in the dynamic scaling regime of the
coarsening development. According to the dynamic scaling hypothesis, the domain-
area distribution is written by a universal dimensionless function, independent of time
t, after rescaling the area S by the characteristic area Sl(t) = pi l(t)
2, ρ˜(S˜) = S2l ρ(S, t),
where we introduced the rescaled area S˜ = S/Sl. The distribution in the macroscopic
regime S˜ ≫ 1 obeys the Fisher’s power-law independent of the system as ρ˜ ∼ S˜−τF
as was observed in the previous works [8][10][11][12][13][14]. Contrastively, in the
microscopic regimes, S˜min ≡ pi l
2
min
Sl
≪ S˜ ≪ 1 with the thickness lmin of domain wall,
the exponent τmic of the power law
ρ˜ ∼ S˜−τmic (1)
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differs dependent on coarsening systems as was mentioned in the introduction. Here,
S˜min is the lower limit of the rescaled area S˜, under which the domain is ill-defined.
According to [8], the exponent τmic has a theoretical upper limit for S˜min → 0;
τmic <
3
2
. (2)
This restriction for the exponent is derived from the normalization condition for the
total length R (l ≡ L2/R) of domain walls, R
L2
=
∫
lwρdS=
1
pi l
∫
l˜wρ˜dS˜ with the length
lw(S)≡ l˜wl of domain walls that enclose a domain of area S. It is empirically known
that the domains are almost circular in the microscopic regime, and we have
l˜w ∼
√
S˜. (3)
Since the integral
∫
l˜wρ˜dS˜ must be on the order of unity, the contribution from the
microscopic regime (S˜min ≪ S˜ ≪ 1) to the integral must be less than or on the order
of unity. Then, we have the restriction (2) for the statistical limit S˜min → 0.
3 Contributions to the statistical quantities from the internal structure
In this section, we evaluate the statistical quantities, domain area, domain wall length
and superfluid circulation, contributed from the internal structure inside a circular
domain in the microscopic regime under the restriction (2).
3.1 Domain area
We consider a domain, immersed in the sea of a domain of a different kind. Without
loss of generality, we consider a circular domain wall surrounding a ↑-domain in the
sea of a ↓-domain. The ↑-domain of area S0(≪ Sl) may contain domains inside the
circular, outer perimeter of length L0, as is schematically illustrated in Fig. 1 (a).
The total area Stotal, the area enclosed by the outer perimeter, is represented as
Stotal = S0+ Sin, (4)
where Sin = ∑ j
{
S j +∑k
[
S jk +∑l
(
S jkl + · · ·
)]}
is the total area of all domains em-
bedded in the domain S0; S j ( j = 1,2,3, ...) is the area of a domain embedded in the
domain S0, S jk (k = 1,2,3, ...) is the area of a domain embedded in the domain S j,
and such like.
The area of each embedded domain must be not much larger than S0. Otherwise,
such a domain of S0 forms an annulus, whose thickness ∆r is much smaller than L0
with S0 ≈ ∆rL0. Such an one-dimensional object is conflict to the scaling law (3); we
have lw ≈ 2L0 ≈ 2 S0∆ r = 2
√
S0
√
S0
∆ r =
√
S0
√
L0
∆ r ≫ S
1/2
0 with
L0
∆ r ≫ 1. Then, the area
Sin is statistically evaluated as
Sin . 2Stotal
∫ S0
Smin
SρdS = 2Stotal
∫ S˜0
S˜min
S˜ρ˜dS˜ (5)
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(a) (b)
Fig. 1 Schematic diagram of a domain with area S0 inside which several domains are embedded. Light
gray and white regions show ↓-domains and ↑-domains, respectively. Domain walls are represented with
bold black lines. The circulation Γ of the domain (S0) is calculated along the line integral of the superfluid
velocity v↑ along the path C0 +∑ j C¯ j (dashed gray and black lines). In this schematic, we have S j↑ =
{S1,S2} and S j↓ = {S11,S12}.
with S˜0 ≡ S0/Sl . Here, the prefactor ‘2’ comes from the fact that there are two kinds
of domains inside.
By inserting Eq. (1) with Eq. (2) into Eq. (5), we have
Sin
Stotal
. S˜
2−τmic
0 − S˜2−τmicmin ≪ 1. (6)
Equation (6) clearly shows that the contribution from the embedded domains is neg-
ligible, yielding
Stotal ≈ S0. (7)
3.2 Domain wall length
Next, we show that the contribution Lin to the domain-wall length from the embedded
domains is also negligible statistically. We write the total length of domain walls (see
Fig. 1(a) again) as
Ltotal = L0+Lin, (8)
where Lin = ∑ j
{
L j +∑k
[
L jk +∑l
(
L jkl + · · ·
)]}
is the length contributed from all
embedded domains. The length Lin is calculated by summing lengths of all domain
walls that surround embedded ↑-domains in Fig. 1. Thus, we have
Lin . Stotal
∫ S0
Smin
lwρdS = lS˜total
∫ S˜0
S˜min
l˜wρ˜dS˜ (9)
with S˜total = Stotal/Sl. From Stotal ≈ S0 ∼ L20 with Eq. (7), one obtains
Lin
L0
. S˜
2−τmic
0 − S˜
1
2
0 S˜
3
2−τmic
min ≪ 1, (10)
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which reduces to
Ltotal ≈ L0. (11)
This result shows that the contribution of embedded domains is statistically negligible
when one computes the wall length lw of domains in the microscopic regime.
3.3 Superfluid circulation
Finally, we evaluate the superfluid circulation around a domain in the microscopic
regime of multi-component superfluid system, where vortex sheets exist along do-
main walls. It is shown that the contribution from vortex sheets of the embedded
domains is negligible.
The superfluid circulationΓ0, namely the vorticity charged along the outer perime-
ter L0, is represented by the line integral
Γ0 =
∮
C0
v↑ ·dr +
∮
C¯0
v↓ ·dr = κnv(S0)−∑
j
Γj (12)
with the circulation quantum κ and the superfluid velocity v↑,↓ in ↑- or ↓-domains
[see Fig. 1(b)]. The number nv(S) = κ
−1 ∫
S ∇× vσ dxdy (σ =↑ or ↓) represents
the total number of quantized vortices that exist within a domain of S. Similarly, the
vorticity Γj, charged along the perimeter L j in Fig. 1, is rewritten as Γj =
∮
C j
v↓ ·dr +∮
C¯ j
v↑ ·dr = κnv(S j)−∑k Γjk with the vorticity Γjk =
∮
C jk
v↑ ·dr+
∮
C¯ jk
v↓ ·dr, charged
along L jk. Definitely, Eq. (12) reduces to
nv(S0) =
Γ0
κ
+N↑−N↓ (13)
with Nσ = ∑ jσ nv(S jσ ), where the sum ∑ jσ is taken over all embedded σ -domains.
To show that Nσ is statistically negligible, we apply the numerical result of dy-
namic scaling law based on the hydrodynamic theory [8],
|n˜v(S˜)| ≡ S˜
1
4
min|nv(S, t)| ∼ S˜
1
4 (S˜min ≪ S˜≪ 1). (14)
This law is applicable when almost domains in the microscopic regime have non-zero
circulation in later stage of the coarsening development. The contribution Nσ to the
circulation number nv(S0) is estimated as
|Nσ |. Stotal
∫ S0
Smin
|nv(S)|ρdS = S˜totalS˜−1/4min
∫ S˜0
S˜min
|n˜v(S˜)|ρ˜dS˜ = N (S˜0, S˜min) (15)
with
N (S˜0, S˜min) =


S˜
3
4
0 ln
(
S˜0
S˜min
) (
τmic =
5
4
)
S˜
2−τmic
0 − S˜
3
4
0 S˜
5
4−τmic
min
(
3
2
> τmic 6= 54
) . (16)
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In the case of τmic =
5
4
, the inequality N (S˜0, S˜min)≪ 1 is satisfied when S˜min ≪
S˜0e
−S˜−
3
4
min . For the case of 3
2
> τmic 6= 54 , the inequality is safely satisfied with τmic < 54 .
When 3
2
> τmic >
5
4
, the inequality is fulfilled for S˜min≪ S˜0 ≪ S˜
1
3
min.
We demand that a statistical behavior should be uniquely determined in a scaling
regime. Since the N gives the upper bound of |Nσ |, we may apply the relation N ≪
1 into the whole range of S˜ in the microscopic regime in the limit S˜min → 0. As a
result, we may neglect Nσ in Eq. (13) and then one obtains
nv(S0)≈ Γ0
κ
. (17)
Accordingly, it has been proved that the vorticity charged along the outer perimeter
L0 is computed statistically by neglecting the contribution from embedded domains,
which was assumed empirically in Ref. [8].
4 Summary and discussion
I evaluated the statistical contribution from internal structure of a circular domain in
the microscopic regime of the domain-area distribution in a coarsening development
of spontaneous Z2-symmetry breaking in two dimensions. The area, length and su-
perfluid circulation of the domains may be computed statistically by neglecting the
internal structure. This fact makes it much easier to evaluate the statistical quanti-
ties in the microscopic regime since we may assume that domains in the microscopic
regime are independent and they do not have holes of the opposite domain within.
The approximation (7) for the domain area is consistent with the observations that
the scaling behavior of the number distribution of domain areas in the microscopic
regime is similar to that of hull-enclosed areas in the non-conserved and conserved
systems at low temperatures [10][11][12], where the hull-enclosed area refers to the
area Stotal enclosed by the outer perimeter (L0). The approximation (17) for super-
fluid circulation supports also the assumption for deriving the dynamic scaling law
(14) in Ref. [8]. For establishing a universal dynamic scaling theory for coarsening
dynamics, I hope the experimental and numerical observations will be done on do-
main structure in different ordered media from classical systems of binary alloys,
binary liquids, and twisted nematic liquid crystal films to quantum systems of two-
component and spinor Bose–Einstein condensates, and chiral superfluid 3He-A in a
slab, and so on.
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